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1.1 Topological Spaces

Definition 1.

A topology on a set X is a collection 7 of subsets of X having

the following properties:

(1) ¢ and X are in 7.

(2) The union of the elements of any sub collection of 7 is in 7.
i.e., if {Ua}taeca C 7 then Upea Ua € T

(3) The intersection of the elements of any finite sub collection
of Tisin 7.

ie., if U, U, ...,U, €T then N, Ui €.
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Topological spaces

Definition 2.
A set X for which a topology 7 has been specified is

called a topological space.

Note:
1. An ordered pair (X, T) consisting a set and a topology 7 on X.
2. A subset of X which is in 7 is called an open set.

i.e., if U € 7= U is an open set of X.
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Example 1. Let X = {a, b, c}.

Here We list 9 topologies on X. There are

(1) The trivial topology 71 = {¢, X}.

(2)
(3)
(4)
(5)
(6)
(7)
(8)

(9) The discrete topology 79 = P(X) (power set with 8 elements).

{¢.{a}, X}

{#,{a, b}, X}.

{¢.{a},{a b}, X}.

{#,{a, b}, {c}, X}.

{0, {a},{b},{a, b}, X}.
{#,{a},{a, b},{a,c}, X}.

{0, {a}, {c},{a b}, {a c}, X}

@I III




Example. Let X = {a, b, c}.

Here are some collections of subsets of X that are not topologies.

(1) {{a},{c},{a, b},{a,c}} does not contain ¢ and X.
(2) {¢,{a},{b}, X} is not closed under union.

(3) {¢,{a, b},{a,c}, X} is not closed under finite intersection.
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Example 2. Let X be a set.

Tr be the collection of all subsets U of X such that

X —U=X\U={xe€X|x¢ U} is either finite or all of X.

Then 77 is a topology on X, called the finite complement topology.
Example 3. Let X be a set.

Tc be the collection of all subsets U of X such that

X\U is either countable or all of X.

Then 7¢ is a topology on X.
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Finer or Coarser

Definition 3.

Suppose that 7 and 7/ are two topologies on a given set X.

If 7/ O 7 then 7’ is finer then 7.

If 7/ properly contains 7 then 7’ is strictly finer than 7.

We also say that 7 is coarser then 7/, or 7 is strictly coarser then 7/,
respectively.

We say 7 is comparable with 7/ if either 7/ D 7 or 7 D 7/
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Note:
1. If 7/ is finer than 7 then 7/ has more open sets than 7.
2. The trivial topology is coarser than any other topology, and

the discrete topology is finer than any other topology.
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Assignment Problems

1. Consider the nine topologies on the set X = {a, b, ¢} indicated
in Example 1. Compare them, i.e.,for each pair of topologies,
determine whether they are comparable, and if so, which is
the finer.

2. If {74} is a family of topologies on X, show that 7, is a
topology on X. Is |J 7, a topology on X?

3. If X ={a, b,c}, let 1 ={¢, X,{a},{a, b}} and

™ = {¢, X, {a},{b,c}}. Find the smallest topology containing
71 and 72, and the largest topology contained in 71 and 7.
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Assignment Problems

4. Let {74} be a family of topologies on X. Show that there is a
unique smallest topology on X containing all the collections 7,
and a unique largest topology contained in all 7.

5. Let X ={a, b, c,d, e}. Determine whether or not each of the
following classes of subsets of X is a topology on X.
(i) 1 = {¢, X, {a},{a, b},{a,c}}
(i) = = {¢,X,{a,b,c},{a,b,d},{a,b,c,d}}
(i) 3 = {9, X, {a},{a, b},{a,c,d},{a,b,c,d}}
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1.2 Basis for a Topology

Definition 1.

Let X be a set.

A basis for a topology on X is a collection B of subsets of X

(called basis elements) such that

(1) For each x € X, there is at least one basis element B € B
such that x € B.

(2) If x € B N By where By, B, € B then thereis a B3 € B
such that x € B3 and B3 C B1 N B>
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T generated by B <

Definition 2.

The topology T generated by B is defined as follows:

A subset U of X is said to be open in X (i.e.,U € T)

if for each x € U there is a basis element B € B such that

x € Band B C U.
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Note :
1. Therefore each basis element is in T

2. In fact, the topology generated by basis B is a topology.
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Example 1. A basis for the standard topology on R?
is given by the set of all circular regions in R:
B = {B((x0,¥0),r) | r > 0} where

B((x0,¥0),r) = {(x,y) € R? | (x = x0)* + (y — y0)* < r*}.

Example 2. If X is any set.
B={{x}|x€X}

is a basis for the discrete topology on X.
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Theorem A.

Let X be a set and

B be a basis for a topology 7 on X.

Define 7 ={U C X | x € U implies x € B C U for some B € B}.
the topology generated by B.

Then T is in fact a topology on X.
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Lemma 1. Let X be a set.

Let B be a basis for a topology 7 on X.

Then T equals the collection of all unions of elements of B.
Proof.

By Theorem A above, all elements of B are open and so in T.
Since T is a topology, then by part (2) of the definition,

any union of elements of B are in 7.

= T contains all unions of elements of B.
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Conversely, given U € T.

For each x € U.

Choose B, € B such that x € B, C U (T generated by B).

Then U = J,cy Bx-
i.e., U equals a union of elements of B.
Since U is an arbitrary element of T,

then all elements of T are unions of elements of B.
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Lemma 2. Let (X,7) be a topological space.

Suppose that C is a collection of open sets of X such that

for each open subset U C X and each x € U, there is an element
C € C such that x € C C U.

Then C is a basis for the topology 7 on X.

Proof. First we show that C is a basis.

(i) By the definition of basis, for x € X.

(since X itself is an open set)

Then (by hypothesis) there is an element C € C such that x € C C X.

Dr S. Srinivasan (PAC) Unit - |

18 / 90



(ii) For the second part of the definition of basis.

Let x € G N G where G, G € C.

Since C; and G, are open then C; N G, is open.

Then by hypothesis,there is an element C; € C such that
xeGcGnaG.

Thus C is a basis for a topology on X.
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Let 77 be the topology on X generated by C.

To prove that 7 = T".

First, Let U €T and x € U.

Since C is a basis for topology 7,

= there is an element C € C such that x € C C U.
i.e., U e T'. (by the def of topology generated by C)

Hence T C 7.
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Conversely,

If W belongs to 7.

Then W is a union of elements of C. (by Lemma 1)
Now each element of C is an element of 7.

(by the definition of topology generated by)

(and a union of open sets is open)

= W belongs to 7.

Thatis, 7' C T.

Therefore, T =T".
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Lemma 3. Let B and B’ be bases for topologies 7 and 7", respectively,

on X. Then the following are equivalent:

(1) 77 is finer than T.

(2) For each x € X and each basis element B € B containing x, there is
a basis element B’ € B’ such that x € B’ C B.

Proof. (2) = (1)

Given U e T, let x € U.

Since B generates T, there is B € B such that x € B C U.
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By hypothesis (2), there is B’ € B’ such that x € B’ C B.
=xecB cU.
= U € T'. (By the definition of topology generated by B'.)

=TcCT.
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1) =)
Let x € X and B € B where x € B.

Since B generates T, then B € T.

By hypothesis (1), 7 C 7' and so B T".
Since 7" is generated by B'.

Then there is (by definition) B € B such that x € B’ C B.
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Standard topology

Definition 3.

Let B be the set of all open intervals in the real line:
B={(a,b) | a,b € R,a < b}, where
(a,b) ={x | a<x< b}

The topology generated by B is the standard topology on R.
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Lower limit topology

Definition 4.
Let B’ be the set of all half open intervals.
B ={[a,b) | a,b € R,a < b}, where
[a,b) ={x | a<x < b}
The topology generated by BB’ is called the lower limit topology on R.

It is denoted by Ry.
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K-topology <8

Definition 5.
Let K={1/n| ne N}.

B"={(a,b) | a,beR,a< b} U{(a,b) — K | a,beR,a< b}.
The topology generated by B” is the K-topology on R.

It is denoted by Rg.
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Lemma 4. The topologies of R, and Ry are each strictly finer
than the standard topology on R.

But are not comparable with one another.

Proof.

Let 7,7, and 7" be the topologies of R, R, and Ry respectively.
Given a basis element (a, b) for 7 and x € (a, b),

Then the basis element [x, b) € T’ contains x and lies in (a, b)

i.e., x € [x,b) C (a,b).
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On the other hand, given basis element [x, d) € 77, there is no
open interval (a, b) containing x which is a subset of [x, d).
By Lemma 3.(2) = 7" is strictly finer than 7.

Given a basis element (a, b) for 7 and x € (a, b).

Then this same basis element (a, b) € 7" contains x.

Which satisfies x € (a, b) C (a, b).
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On the other hand, given the basis element C = (—1,1) — K for T".
Then the point 0 € C.

But there is no open interval (a, b) containing 0

which is a subset of C.  (For example (3, 3) ¢ C)

By Lemma 3.(2) = T is strictly finer than 7.
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Show that topologies of R, and Ry are not comparable.
Let 7y and Tk be the topologies of R, and Ry, respectively.
It suffices to show that neither of the topologies is

finer than the other.

i.e., to prove Ty & Tk and Tx Z Ty.
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Given x € R where a < x < b is contained in the basis
element [x, b) of Ry,.

However, every basis element of Rk is an open interval
(in some cases, minus the set K).

There is no open interval (a, b) that contains x and

is contained in [x, b) because a < x.

By Lemma 3(2), Tk is not finer than 7p.
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Conversely, 0 is contained in the basis element (—1,1) — K of 7k.

Any basis element [a, b) of T, contains 0, where a < 0 and b > 0.

But this basis element cannot be contained in (—1,1) — K.
Given b > 0, let k € N where k > 1/b.

It follows that 0 < 1/k < b, = 1/k € [a, b).

But 1/k ¢ (—1,1) — K.

Again by Lemma 3(2), 7 is not finer than 7.

Hence 7, and Tk are not comparable.
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Definition 5.

A subbasis & for a topology on set X is a collection of
subsets of X whose union equals X.
The topology generated by the subbasis S is defined to be the

collection 7 of all unions of finite intersections of elements of S.
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Example 1.

Observe that every open interval (a, b) in the line R is the intersection of

two infinite open intervals (a,00) and (—oo, b)

(a,b) = (—o0, b)N (a,00).

But the open intervals form a base for the usual topology on R.

Hence the class S of all infinite open intervals is a subbase for R.
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Example e

Example 2.
If X = {a,b,c,d} and S = {{a,b,c},{b,c,d}} then the topology
generated by S is

T ={¢,{a,b,c},{b,c,d},{b,c}, {a,b,c,d}}.
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Theorem B.
Let S be a subbasis for a topology on X.

Define T to be all unions of finite intersections of elements of S.

Then 7T is a topology on X.
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1.3 The Order Topology

Definition 1. Intervals

LetX be a set with a simple order relation < .

The following sets are intervals in X :
(a,b) = {x € X|a < x < b} (open intervals)
(a, b] = {x € X|a < x < b} (half-open intervals)
[a, b) = {x € X]a < x < b} (half-open intervals)

[a, b] = {x € X|a < x < b} (closed intervals).
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Order Topology

Definition 2.

Let X be a set with a simple order relation and assume X hax

more than one element.

Let B be the collection of all sets of the following types:

(1) All open intervals (a, b) in X.

(2) All intervals of the form [ag, b) where ag is the least element of X.
(3) All intervals of the form (a, by] where by is the greatest element of X.
The collection B is a basis for a topology on X called the order topology.
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Example 1.

The standard topology on R is the order topology based on the
usual less than order on R.

Example 2.

We can put a simple order relation on R? as follows:

(a, b) < (c,d) if either

(I)a<c,or
(2) a=cand b<d.

This is often called the lexicographic ordering
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Open rays, Closed rays

Definition 3.
If X is a set with a simple order relation <, and a € X then there are
four subsets of X, called rays determined by a.

They are the following:

(a,00) = {x € X|x > a} (open rays)
(—o0,a) = {x € X|x < a} (open rays)
[a,00) = {x € X|x > a} (closed rays)
(—o0,a] = {x € X|x < a}. (closed rays)
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1.4 The Product Topology on X x Y

If X and Y are topological spaces, then there is a
natural topology on the Cartesian product.

XxY={(xy)xeX,yeY} (product topology)
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Definition 1.Basis

Let X and Y be topological spaces.

The product topology on set X x Y is the topology having as basis
the collection B of all sets of the form U x V/,

where U is an open subset of X and V is an open subset of Y.
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Theorem 1. If B is a basis for the topology of X and C is a basis
for the topology of Y, then the collection
D={Bx C|BeB&CeC(}
is a basis for the topology of X x Y.
Proof.
Let W € X x Y be an open set.
Let (x,y) € W.
By the definition of product topology, there is a basis element U x V/,

where U is open in X and V is open in Y, such that (x,y) € Ux V C W.
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=xe€Uandye V.

Since B and C are bases for X and Y, respectively.

Then there are open sets B € B and C € C suchthat x e BC U
andye CcCV.

Notice that B x C is an element of the basis for the product topology
and so open and B x C € D.

That is, (x,y) € Bx C C W where B x C € D.

By Lemma 2, D is a basis for the product topology.
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Theorem 2. The set

S = {n;H(U)|U is open in X} U {m;*(V)|V is open in Y}

is a subbasis for the product topology on X x Y.

Proof. Let 7 denote the product topology on X x Y.

Let 7" be the topology generated by set S.

For open sets U C X and V C Y, we have

71 (U) = U x Y and m, }(V) = X x V are elements of the basis
for the product topology 7.

= 77 }(U), 75 }(V) are open in .

Dr S. Srinivasan (PAC) Unit - | 46 / 90



Hence S C 7.

So arbitrary unions of finite intersections of elements of S are in 7.

Therefore, by Lemma 1, 7/ C 7.

On the other hand, every basis element U x V for 7 is of the form
UxV=UxY)N(XxV)=nr}U)nm (V)

(a finite intersection of elements of S)

Thus U x V is in the topology 7’ generated by S.

That is, 7 C 7/ and hence 7 = 7.

So the collection of all unions of finite intersections of S is 7.
Hence § is a subbasis for the product topology .
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1.5 The Subspace Topology

Definition 1.

Let X be a topological space with topology 7.

If Y is a subset of X, then the set
v={YnU|Uer}

is a topology on Y called the subspace topology.

With this topology, Y is called a subspace of X.
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Lemma 1. If B is a basis for the topology of X then the set
By ={BNY|Be B}

is a basis for the subspace topology on Y.
Proof. Let U be open in X.
Letye UNY.
Since B is a basis for the topology of X, then there is a open set
B € B such that y € B C U.
Thenye BNY CUNY.
By Lemma 2, By is a basis for the subspace topology on Y.
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Lemma 2. Let Y be a subspace of X. If U is open in Y and
Y is open in X, then U is open in X.

Proof.

Let Y be a subspace of X.

Let U be openin Y.

Then by above Lemma U = Y N V for some set V open in X.

Since Y and V are both open in X.

= YNV =Uisopenin X.

Dr S. Srinivasan (PAC) Unit - | 50 / 90



Lemma 3. If Ais a subspace of X and B is a subspace of Y,
then the product topology on A x B is the same as the topology
A X B inherits as a subspace of X x Y.
Proof.
Let U x V be a basis element for the product topology
on X x Y.
Then (U x V)N (A x B) is a basis element for the subspace
topology on A x B.
Now (U x V)N(Ax B)=(UnA) x (VnNB).
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Since UN A and V N B are open relative to A and B, respectively.
Then (UNA) x (VN B) is a basis element for the product topology
on A x B.

So the basis for the subspace topology on A x B is a subset of the
basis for the product topology on A x B.

Conversely,

A basis element for the product topology on A x B is of the form

(UNA) x (VN B) where U and V are open in X and Y, respectively.
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By the equality above, this is a basis element for

the subspace topology on A x B.

So the basis for the product topology on A x B is a subset of the
basis for the subspace topology on A x B.

Thus, the bases are the same and hence the topologies are the same.
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Definition 2.

Given an ordered set X, a subset Y C X is convex in X
if for each pair of points a,b € Y with a < b,

the entire interval (a, b) lies in Y.
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Lemma 4. Let X be an ordered set in the order topology.

Let Y be a subset of X that is convex in X.

Then the order topology on Y is the same as the subspace

topology on Y.

Proof. By Theorem B, the set of all open rays form a subbasis

for the order topology on X.

Then the set Bs = {(a,+00) N Y, Y N(—00,a)|a € X} is a subbasis

for the subspace topology on Y.
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Since Y is convex then for a € Y, we have

(a,+o0)NY ={acY|x>a}and (—o0,a)NY ={x € Y|x < a}
and each of these is an open ray in Y.

If a ¢ Y then these two sets are either all of Y or are ¢.

In all cases, each is open in the order topology and so

the order topology is a subset of the subspace topology.
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Conversely, any open ray of Y equals the intersection of an open ray

of X with Y and so is open in the subspace topology on Y.

Since the open rays of Y are a subbasis for the order topology on Y.

By Theorem B, this topology is a subset of the subspace topology.
Therefore, the subspace topology on Y is the same as the order

topology on Y.
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1.6 Closed Sets and Limit Points

Definition 1. Closed

A subset A of a topological space X is closed if

set X — A is open.

Example 1.

The subset [a, b] of R is closed because its compliment

R —[a, b] = (—o0, a) U (b, 4+00) is open.
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Theorem 1. Let X be a topological space.

Then the following conditions hold:

(1) ¢ and X are closed.

(2) Arbitrary intersections of closed sets are closed.
(3) Finite unions of closed sets are closed

Proof of (1) follows: Since X and ¢ are open in X.

= the compliments of ¢ and X are X and ¢, respectively.

(ie, X—¢p=Xand X — X = ¢)
Then by definition of closed, ¢ and X are closed in X.
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(2): Given a collection of closed sets {A,}.

X = Naecs Ao = Uaes(X — Ad) (by DeMorgans law)
Since each A, is closed. = X — A, is open.
The right side of this equation is a union of open sets and so is open.
Therefore the left hand side is open.

By definition its compliment (), An is closed.
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(3): If Ajis closed for i = 1,2, ..., n.
Consider the equation

X—-—UL Ai=NL1i(X—A;) (by DeMorgans law)
The set on the right side is a finite intersection of open sets
and is therefore open.
So the left hand side is open.

By definition its compliment (J7_; A; is closed.
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Closed in Y

Definition 2.
If Y is a subspace of X, we say that a set A is closed in Y
if AC Y is closed in the subspace topology of Y

that is, Y — A is open in the subspace topology of Y.
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Theorem 2. Let Y be a subspace of X.

Then a set A is closed in Y if and only if it equals the intersection
of a closed set of X with Y.

Proof. Suppose A= CN Y where C is closed in X.

Since C is closed in X, X — C is open in X.

= (X—-C)nYisopeninY.

(by the definition of the subspace topology).

But (X — C)NY =Y — A (the compliment of Ain Y )

= Y — Aisopenin Y. Hence A is closed in Y.
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Conversely, suppose that A is closed in Y.

Then Y — Ais openin Y.

By definition of open in Y, there is an open set U in X such that
Y-A=YnNU.

= X — U is closed in X.

But A=Y n(X - ).

= A is the intersection of Y and a closed set X — U of X.
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Theorem 3. Let Y be a subspace of X.

If Ais closed in Y and Y is closed in X, then A is closed in X.
Proof

Given A is closed in Y.

By Theorem 2, A=Y N C where C is closed in X.

= Y N C closed in X. ( since Y is closed in X, by Theorem 1)

= A is closed in X.
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Interior and closure of A

Definition 3. Given a subset A of a topological space X.

The interior of A, denoted Int(A), is the union of all

open subsets contained in A.

The closure of A, denoted A or CI(A), is the intersection of all

closed sets containing A.
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Lemma A. Let A be a subset of topological space X.

Then A is open if and only if A= Int(A).

A is closed if and only if A= A.
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Theorem 4. Let Y be a subspace of X.

Let A C Y and denote the closure of A in X as A.

Then the closure of Ain Y equals ANY.
Proof. Let B denote the closure of Ain Y.
To prove B=ANY.

Since A is closed in X.

By Theorem 2, ANY is closed in Y.

Given ACYand AC A= ANY contains A.
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Since, by definition of closure, B equals the intersection of all
closed subsets of Y containing A.
= BCANY.

On the other hand, B is closed in Y.

Hence by Theorem 2, B= CN Y for some closed set C in X.

Then C is a closed set of X containing A. (A C B C C)

Now A is the intersection of all closed sets in X containing A.

=AcC=AnYcCnY=8.
=ANnYCB

Thus, B=ANY.
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Theorem 5. Let A be a subset of the topological space X.
(a) Then x € A if and only if every open set U containing
x intersects A.

(b) Supposing the topology of X is given a basis, then x € A

if and only if every basis element B containing x intersects A.

Proof (a). Consider the contrapositive.
i.e., x ¢ Aif and only if there is a neighborhood U of x that

does not intersect A.
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If x ¢ A then the set U = X — A is a neighborhood of x
which does not intersect A, as claimed.

Conversely, if there is a neighborhood U of x which does not
intersect A.

Then X — U is a closed set containing A.

By definition of the closure A, the set X — U must contain A.

Since x € U, then x ¢ A.
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Proof (b). Suppose x € A.

Then by part (a), every neighborhood of x intersects A.

Then every basis element B containing x intersects A.

(since each B is open).

Conversely, if every basis element containing x intersects A.
Then every neighborhood U of x, = U contains a basis element
that contains x.

i.e., every neighborhood U of x intersects A.

i.e., x € A.
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Definition 4.

If Ais a subset of topological space X and if x € X

then x is a limit point (or cluster point or point of accumulation) of A
if every neighborhood of x intersects A in some point other than

x itself.
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Theorem 6. Let A be a subset of the topological space X.

Let A’ be the set of all limit points of A.

Then A= AUA.

Proof. If x € A then every neighborhood of x intersects A in a
point different from x.

Therefore, by Theorem 17.5(a), x belongs to A.

Hence A’ C A.

Since A C A, we have AUA' C A.
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Let x € A.

If x €A then x € AUA. (== ACAUA)

If x ¢ A then, since x € A, every neighborhood U of x intersects A.
Because x € A then U must intersect A in a point different from x.
Then x € A'.

sothat x € AUA'.

Therefore, AC AUA'.

Hence A= AU A/, as claimed.
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Corollary 7. A subset of a topological space is closed if and only if
it contains all its limit points. (i.e., A= A)

Proof.

By Lemma 17.A, the set A is closed if and only if A = A.

By Theorem 17.6, A= AU A

= A= Aif and only if A’ C A.

i.e., Ais closed in X, if and only if it contains all its limit points.
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Hausdorff space

Definition 5.
A topological space X is a Hausdorff space if for each pair of distinct
points x1,xo € X, there exist neighborhoods U; of x; and U, of x»

such that U; N Uy = ¢.
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Theorem 8. Every finite point set in a Hausdorff space X is closed.

Proof. Consider the set {xp}.

Consider x € X where x # xp.

Since X is a Hausdorff space, there are disjoint neighborhoods
U of x and V of xg.

= U does not intersect {xg}.

By Theorem 5(a), x is not in the closure of set {xp}.
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Since x # xp is an arbitrary element of X, the only points of
closure of {xp} is xp itself.

By Corollary 7, {xp} is a closed set.

Now consider a finite point set, say {xo, X1, ..., Xn}-

Write the set as {xo} U{x1} U...U {xn}.

Observe that each {x;} is closed in X.

Apply Theorem 17.1 part (3), {xo, X1, ..., Xn} is closed.

Thus, every finite point set in a Hausdorff space X is closed.
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Theorem 9. Let X be a space satisfying the T; Axiom.

Let A be a subset of X.

Then x is a limit point of A if and only if every neighborhood
of x contains infinitely many points of A.

Proof. Suppose every neighborhood of x intersects A in

infinitely many points.

Then every neighborhood of x intersects set A at a point other than x.

By definition, x is a limit point of A.
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Conversely, suppose that x is a limit point of A.
Assume some neighborhood U of x intersects A in
only finitely many points.

Then U also intersects A — {x} in finitely many points.
Say {x1,x2, ..., xm} = UN (A — {x}).

Since X satisfy T1 Axiom,= {x1,x2, ..., Xm} is closed.

Therefore, set X — {x1, x2, ..., Xm} is open in X.
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Then UN (X — {x1,x2, ..., xm}) is a neighborhood of x that
does not intersect the set A — {x}.

But this CONTRADICTS the hypothesis that x is a limit point of A.

So the assumption that U intersects A in finitely many points is false.

That is, any neighborhood of x must intersect A in infinitely

many points.
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Theorem 10. If X is a Hausdorff space, then a sequence of
points of X converges to at most one point of X.

Proof.

Let {x,} be a sequence of points of X that converges to x.

Let y # x.

Let U and V be disjoint neighborhoods of x and y, respectively.

Since U is a neighborhood of x, then there is Ny € N such that

x, € U for all n € Nj.
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So there is no N, € N such that for n € N> we have x, € V
Since forne Ny, x, € Uand UNV = ¢.
That is, x, does not converge to y # x.

Thus, x, converges to at most one point x in X. (Xn — x)
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Theorem 11.

(a). Every simply ordered set is a Hausdorff space in the order
topology.

(b). The product of two Hausdorff spaces is a Hausdorff space.

(c). A subspace of a Hausdorff space is a Hausdorff space.
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Proof (a). Suppose 7 is an order topology on a given set X.

Let x1, x2 be distinct points in X where x; < x».

If x2 is not the immediate successor of xi, there is some ¢ € (x1, x2).
If x; and x2 are not the smallest or largest elements of X, respectively.
Then there is some a < x; and b > x».

It follows that (a, c) and (c, b) are neighborhoods of x; and x»

that are disjoint.

On the other hand, if (x1, x2) is empty, then (a,x1) and (x2, b)

are the appropriate disjoint neighborhoods.
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If x1 is the smallest element of X.

By the same argument as above.

Let us consider the neighborhood of x; be [xi, ¢) or [x1, x2),

as appropriate.

Similarly, if xp is the largest element of X.

Then the neighborhood of x» be (¢, x2] or (x1, x2], as appropriate.

Hence, every order topology is Hausdorff.
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Proof (c). Let X be a Hausdorff space and Y a subset of X.
Given any distinct xp, x3 in Y C X.

Then there are neighborhoods U of xg and V of x3 in X

that are disjoint.

By definition, U'=UNY and V' =V NY are openin Y.
Now U'NV' =(UNY)N(VNY)=(UNV)NY = ¢.
Hence, U’ and V' are disjoint neighborhoods of xp and x; in Y.

Hence, the subspace Y is Hausdorff.
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Proof (b). Suppose X and Y are Hausdorff spaces.

Given distinct (x0,¥0), (x1,¥1) of X X Y, if xo # x1 and yo # yi.
Then there are neighborhoods Ay of xp and A; of x; and
neighborhoods By of yp and By of y; that are disjoint.

Consider, (Ao X Bp) N (A1 x B1) = (Ao N A1) x (BoN By) = ¢.
Therefore Ag x By and A; x Bj are disjoint neighborhoods

of (xo, ¥0) and (x1,y1).
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On the other hand, if xo = x; (in which case yp # y1).

Let A be any neighborhood of xp and By and B; be as above.
Consider, (Ax Bp) N(Ax B1) = (ANA)x (BoNB1) =AN¢ = ¢.
Therefore A x By and A x B are disjoint neighborhoods

of (x0,y0) and (xo, y1)-

Similarly, there exist disjoint neighborhoods for (xo, yp) and

(x1,¥0) where xg # x.

Thus, the product of two Hausdorff spaces is Hausdorff.
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